Abstract. We discuss the effect of inter-atoms interactions on the condensation temperature Tc of an atomic laboratory trapped Bose-Einstein condensate. We show that, in the mean-field Hartree-Fock and semiclassical approximations, interactions produce a shift ∆Tc/T 0 c ≈ b1(a/λT c ) + b2(a/λT c ) 2 + ψ [a/λT c ] with a the s-wave scattering length, λT the thermal wavelength and ψ [a/λT c ] a non-analytic function such that
for a review. Moreover, it has recently shown that BECs can be used to constrain Quantum Gravity models [14] .
Inter-particle interactions play a fundamental role in the physics of condensation since they are necessary to reach thermal equilibrium. The effect of interactions on the condensation temperature T c of a BEC has been the subject of extensive research from first works of Lee and Yang [15, 16] until more recent works [17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . The first effort has been devoted to the study of the condensation temperature of interacting uniform BECs. In this case, interactions are irrelevant in the mean field (MF) approximation, see [21, 24, 25, 26] for reviews. However, interactions produce a shift in the condensation temperature of uniform BECs with respect to the ideal non interacting case, which is due to beyond-MF effects related to quantum correlations between bosons near the critical point. This effect has been finally quantified in Ref.s [21, 22] as
where ∆T c ≡ T c − T 0 c with T c the critical temperature of the gas of interacting bosons, T 0 c the condensation temperature in the ideal non-interacting case, λ T 0 c ≡ 2π 2 /(mk B T 0 c ) the thermal wavelength at temperature T 0 c , n the boson number density and a the s-wave scattering length used to parameterize inter-particle interactions [11, 12, 13] . Hereafter we limit our attention to repulsive interactions with a ≥ 0. Relation (1) implies that the shift in the condensation temperature of a uniform gas due to beyond-MF effects is positive for repulsive interactions.
Laboratory condensates are not uniform BECs since they are produced in atomic clouds confined in magnetic traps, but they can be described in terms of harmonicallytrapped BECs consisting of a system of N bosons trapped in an external spherically symmetric harmonic potential V = mω 2 x 2 /2, with ω the frequency of the trap and m the mass of the bosons.
Neglecting inter-boson interactions, the condensation temperature is k B T 0 c = ω (N/ζ(3)) 1/3 [11] . However, when interactions are considered one finds a shift in T c given by
with b 1 ≃ −3.426 [11] and b 2 ≃ 11.7 [31] , implying that ∆T c is negative for repulsive interactions. The result in (2) is in excellent agreement with laboratory measurements of ∆T c /T 0 c [27, 28, 29, 30] ≃ 46 ± 5 so that the value b 2 ≃ 11.7 [31] is strongly excluded by data.
The discrepancy between (2) and data may be due to beyond-MF effects (see Ref. [31] ). We mention that beyond-MF effects are expected to be important near criticality, where the physics is often non-perturbative. It is therefore reasonable that a beyond-MF treatment may give a correct estimation of b 2 . However, this is not proven since beyond-MF effects have been calculated in the case of uniform condensates [21, 22] but they are still not clearly understood for trapped BECs [33, 34, 35, 36, 37] . Thus it seems that it is currently not possible to ascertained whether the discrepancy between b 2 and b exp 2 can be explained in the MF context or is due to beyond-MF effects.
In this work we discuss how this problem may be resolved within a MF treatment. We assume that the MF Hatree-Fock approximation and the semiclassical limit are both valid and, with no more assumptions, we show that the temperature shift ∆T c /T 0 c is a non analytic function of the s-wave scattering length a at a = 0 and has the following asymptotic expansion for small
Thus, we obtain a perturbative result to second order in a/λ T 0 c and we show that non-perturbativity appears only to third order. As we will discuss, this is in contrast with different findings based on more assumtions than the Hartree-Fock and semiclassical limits [33] in which non-perturbativity of ∆T c /T 0 c emerges to second order in a/λ T 0 c . We stress that the additional non-perturbative term ψ a/λ T 0 c in (3) may explain the discrepancy between (2) and the data with no need to resort to beyond-MF effects. However the problem of the exact determination of ψ a/λ T 0 c goes beyond the intent of this letter and will be addressed elsewhere.
We obtain an estimation of b 2 ≃ 18.8 in the MF approximation which improves upon the value 11.7 obtained in [31] . Such a difference may be due to the fact that in [31] the parameter b 2 is estimated numerically while we obtain an analytic result. Therefore, the two results are compatible within the limits of precision of numerical calculations in [31] .
In what follows we first introduce the MF HartreeFock and semiclassical approximations used in this work. Then we describe the procedure used to calculate b 1 . Subsequently we proceed to calculate the coefficient b 2 ≃ 18.8 and compare the result with the numerical estimation obtained in [30] . Afterwards we show that ∂ 3 a ∆T c diverges at a = 0 so that the function ∆T c is not analytical there.
Finally, we discuss the consequences of this finding and argue how the discrepancy of (2) with data can be interpreted in the MF-framework.
In the MF Hartree-Fock approximation, bosons are treated as a non interacting gas that experiences a MF interaction potential ∝ g n(x, g), where g = (4π 2 a/m) [11, 12, 13] and n(x, g) is the density of bosons at the point x which also depends on g, see for instance Eq. (17) below, so that the Hartree-Fock hamiltonian is
We assume that the semiclassical condition k B T ≫ ω is fulfilled by the system under consideration, so that the relevant excitation energies are much larger of the level spacing in the oscillator energies. In such limit the singleparticle energy in phase space (which is given by the eigenstates of (4) ) is
where [11,12,?] . Moreover the semiclassical condition allows approximating summations over energy states by integrals, namely
Therefore, the number of bosons in the excited spectrum is given by
where N 0 is the number of bosons in the condensate and µ their chemical potential.
When the thermalized gas of bosons reaches the condensation temperature T c , the chemical potential µ equals the energy of the ground state, i.e.
(7) We assume that this minimum is reached at x = 0, so that the chemical potential at condensation is
We show later that this assumption is correct, see Eq. (22) below.
At the condensation temperature the number of bosons in the condensate N 0 is still zero. Thus from (6) (7) (8) 
where dΩ ≡ dx dp x 2 p 2 ;
Eq.s(9-10) define the condensation temperature as a function of the parameter g. To obtain the explicit form of T c (g) one must, in principle, invert the integral relation (9) . However, we can avoid exact calculations since, for our purposes, we are interested only in the shift in the condensation temperature for small values of the parameter g. If ∆T c is analytic in g, one can express the relative shift in T c as
where we have used the equality T c (g = 0) = T 0 c . Since in general one finds
where the numerical factors I h can be calculated explicitly, Eq. (11) can be recast as
which defines the coefficients b h . If ∆T c is non-analytic but possesses finite first-q derivatives ∂ g ∆T c at g = 0, the first q terms in (13) Let us calculate the first derivative ∂ g T c /T c | g=0 to estimate b 1 . We note that, since the lhs of (9) is independent of g one has ∂ g N = 0, thus deriving the rhs and equating to zero one has
with
2 , and after some algebra one obtains
To evaluate (15) at g = 0 one has to known(x, 0). Since at T c the number of bosons in the condensate N 0 is zero, one can use (6) to express the density of bosons as
which gives N = d 3 x n(x, g). This expression can be integrated to give [11, 12, 13] n(x, g) = λ
where λ Tc = 2π 2 /(mk B T c (g)) and
This is a consistency relation which can in principle be used to extract n(x, g). However, for our purpose we need only n(x, g) (and its derivatives) evaluated at g = 0 and not its explicit expression for any g. Since from the last of (10) it follows thatn(x = 0, g) ≡ 0 for all g, Eq. (17) gives n(x = 0, g) = λ
−3
Tc g 3/2 [1] and thereforē
Then, using (18) (19) one can evaluate (15) at g = 0 obtaining
where
with dΣ ≡ du dv u 2 v 2 . Therefore, from (13) one has b 1 ≃ −3.426 [11] in agreement with the experimental value b 1 = −3.5 ± 0.3 obtained in [30] .
At that point we can verify that the minimum of the energy (5) is g n(0, g), so that (8) is correct. Deriving (17) with respect to x and summing ∂ x V (x) one obtains
kB Tc(g) (22) and hence ∂ x (V (x) + 2gn(x, g)) > 0 for x > 0, which in turn implies that x = 0 is a minimum of V (x) + 2gn(x, g) and µ c (g) = 2gn(0, g). From integration of (22) one also deduces that close to the center of the trap at V (x) + 2gn(x, g) ≪ k B T c , atoms are quasi-free particles, since they feel an effective potential
Let us now estimate the second coefficient b 2 in (13). Deriving (14) with respect to g one has
and after some algebra one obtains
Since we already known(x, g) and ∂ g T c (g)/T c (g) at g = 0, the missing piece to evaluate (24) is ∂ gn (x, g) at g = 0. Derivatives ofn(x, g) can be obtained by direct derivation of (17) (18) . For instance, from (17) one has that n(0, g) = λ
Tc g 3/2 [1] , and therefore
Moreover, from (18) one has
Note that (27) has a finite limit for x → 0. In fact, from the expansion
which is valid for |α| < 2π, one finds the asymptotic expansion (30) for small x.
Using (27) (28) , from (24) one obtains
which gives I 2 ≃ 9.388 and finally, from (13) one has
We note that this value improves upon the estimation b 2 ≃ 11.7 obtained in [31] . Such result was obtained by numerical methods and therefore it is compatible with (33), which is an exact analytic result in the MF approximation, within the precision of the numerical estimation in [31] . However, (33) is stil not in agreement with the experimental estimation b exp 2 ≃ 46 ± 5 [30] and this fact can be related to a beyond-MF effect. Here we propose a different interpretation of such a disagreement in the framework of MF approximation.
One might expect that higher order terms in (13) can be important and reduce the difference between b 2 and b exp 2 . However, divergences emerge if one tries to calculate b 3 . In fact, the third derivative of (9) gives
(34) and diverges when g = 0
1 . Thus one concludes that ∂ (3) with data. However this seems to be a complicated problem, as difficult as extracting T c (g) from (9), which goes beyond the intent of this Letter and will be discussed elsewhere.
We have shown that, using the Hatree-Fock and semiclassical approximations, the temperature shift ∆T c /T 0 c induced by inter-boson interactions is perturbative to second order in a/λ T 0 c as in (3) and non perturbative to third order. This finding seems to be in contrast with the result reported in [33] , where the interaction-induced temperature shift is estimated as
and is not perturbative at second order in a/λ T 0 c . However this result is based on more than the Hartree-Fock and semiclassical approximations, especially the coefficients c [33] gives a ∆T c /T 0 c which differs from our estimation (3) but also from the estimation (2) given in [31] and from the measurements reported in [30] .
All these considerations show that, before addressing the problem of beyond-MF effects of interactions in order to explain data in [30] , MF effects should be thoroughly understood.
Before concluding, let us discuss finite size effects on the condensation temperature T c , which are due to the finiteness of N in comparison with the thermodynamic limit N → ∞ and give a temperature shift ∆T N c /T c . We note the following: in [30] each measurement series at a given a is compared with a reference measurement at small a ≃ 0.005, with the same ω and very similar N , so that the measured ∆T c /T c is assumed to be unaffected from all aindependent effects, including systematic errors in the absolute calibration of N and finite-size effects. The latter are estimated to leading order as ∆T −2 for N ∼ 10 5 as in [30] . Thus finite size effects to leading order are comparable with interaction effects to leading order a/λ T 0 c but, being independent of a, they do not affect ∆T c /T c measurements in [30] .
It is meaningful to expect that finite size effects to next-to-leading order also depend on a and give a temperature shift ∆T N c (N, a) which, depending on a, affects the ∆T c /T c measured in [30] . Hence, finite size effects to next-to-leading order may explain the difference between (33) and b exp 2 in the MF framework.
We stress that if this argument is correct and the discrepancy between (2) and data is due to finite size effects, one expects that in an experiment carried out at larger N, which minimize finite size effects and better obeys the thermodynamic limit, data can be in better agreement with the value of b 2 ≃ 18.8. However such an experiment is not easily realized, since one requires huge N s, about three orders of magnitude above typical values obtained in laboratory BECs, to significantly diminish finite-size effects. These caveats are currently under under study and will be presented elsewhere.
In conclusion we have shown that, under the unique assumptions of the Hartree-Fock and semiclassical approximations, inter-boson interactions produce a shift in the condensation temperature of a trapped BEC which is a non-analytic function of the s-wave scattering length a at a = 0 and it has the asymptotic behavior (3) for weak inter-atom interactions a ≪ λ T 0 c , so that T c (a) is perturbative to second order and non perturbative to third order in a/λ T 0 c . We have compared this finding with different results in [31] and [33] and we have discussed the differences found. We have obtained an analytical estimation of the parameter b 2 ≃ 18.8 which improves previous numerical estimations [31] and have discussed its remaining discrepancy with atomic BEC experiments which give b exp 2 ≃ 46 ± 5 [30] .
